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Abstract. Let P,Q ∈ Z, U0 = 0, U1 = 1 and Un+1 = PUn − QUn+1. In this paper
we obtain a general congruence for Ukmnr/Uk (mod n
r+1), where k,m, n, r are positive
integers. As applications we extend Lucas’ law of repetition and characterize the square
prime factors of an+1 or Sn, where {Sn} is given by S1 = P 2+2 and Sk+1 = S
2
k
−2 (k ≥ 1).
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1. Introduction.
For complex numbers P and Q the Lucas sequences {Un(P,Q)} and {Vn(P,Q)} are
defined by
U0(P,Q) = 0, U1(P,Q) = 1, Un+1(P,Q) = PUn(P,Q)−QUn−1(P,Q) (n ≥ 1)
and
V0(P,Q) = 2, V1(P,Q) = P, Vn+1(P,Q) = PVn(P,Q)−QVn−1(P,Q) (n ≥ 1).
Let k, r, s be positive integers, P,Q ∈ Z and Uk = Uk(P,Q). If p is a prime such
that p ∤ Q, ps 6= 2, ps | Uk and p
s+1 ∤ Uk, then p
r+s | Ukpr but p
r+s+1 ∤ Ukpr . This
result is called Lucas’ law of repetition (see [1,3,4]) since Lucas first obtained it for the
Fibonacci sequence Fn = Un(1,−1).
In this paper we mainly obtain a general congruence for Ukmnr/Uk (mod n
r+1),
where k,m, n, r are positive integers. Using this congruence we extend Lucas’ law of
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repetition and characterize the square prime factors of an+1 or Sn, where {Sn} is given
by S1 = P
2 + 2 and Sk+1 = S
2
k − 2 (k ≥ 1).
Throughout the paper we let (m,n) be the greatest common divisor of integers m
and n, and let (d
p
) be the Legendre symbol. For given prime p and positive integer n
let ordpn denote the unique nonnegative integer t satisfying p
t | n and pt+1 ∤ n.
2. Basic lemmas for Lucas sequences.
Let Un = Un(P,Q) and Vn = Vn(P,Q) be the Lucas sequences given in Section 1. It
is well known that
Un =
1√
P 2 − 4Q
{(P +√P 2 − 4Q
2
)n
−
(P −√P 2 − 4Q
2
)n}
(P 2 − 4Q 6= 0) (1)
and
Vn =
(P +√P 2 − 4Q
2
)n
+
(P −√P 2 − 4Q
2
)n
. (2)
From (1) and (2) one can easily check the following known facts (see [1,3,4]):
U2n = UnVn, V2n = V
2
n − 2Q
n, (3)
V 2n − (P
2 − 4Q)U2n = 4Q
n, (4)
Un+k = VkUn −Q
kUn−k (n ≥ k). (5)
By (5), if Uk 6= 0, then Uk(n+1)/Uk = VkUkn/Uk −Q
kUk(n−1)/Uk. Thus
Ukn/Uk = Un(Vk, Q
k). (6)
Lemma 1. Suppose P,Q, n ∈ Z, n ≥ 0 and P 2 − 4Q 6= 0. Then
Un(P,Q) ≡
{
nQ
n−1
2 (mod |P 2 − 4Q|) if 2 ∤ n,
n
2PQ
n−2
2 (mod |P 2 − 4Q|) if 2 | n.
Proof. We prove the lemma by induction. Clearly the result holds for n = 0, 1. Now
assume n ≥ 1 and the result is true for m ≤ n. Set Uk = Uk(P,Q). By the inductive
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hypothesis we have
Un+1 = PUn −QUn−1
≡
{
P · nQ
n−1
2 −Q · n−1
2
PQ
n−1
2 −1 = n+1
2
PQ
n−1
2 (mod |P 2 − 4Q|) if 2 ∤ n,
P · n2PQ
n−2
2 −Q · (n− 1)Q
n−2
2 ≡ (n+ 1)Q
n
2 (mod |P 2 − 4Q|) if 2 | n.
So the result holds for m = n+ 1. Hence the lemma is proved.
Lemma 2. If P,Q ∈ Z, n, k ≥ 0, Un = Un(P,Q) and U2k 6= 0. Then
U(2n+1)k
Uk
≡ (2n+ 1)Qkn (mod |P 2 − 4Q|U2k )
and
U2kn
U2k
≡ nQk(n−1) (mod |P 2 − 4Q|U2k ).
Proof. Let Vm = Vm(P,Q). From (4),(6) and Lemma 1 we have
U(2n+1)k
Uk
= U2n+1(Vk, Q
k) ≡ (2n+ 1)Qkn (mod |P 2 − 4Q|U2k )
and
U2kn
U2k
= Un(V2k, Q
2k) ≡
{
nQ2k·
n−1
2 (mod |P 2 − 4Q|U22k) if 2 ∤ n,
n
2Q
2k(n2 −1)V2k (mod |P
2 − 4Q|U22k) if 2 | n.
Note that U2k = UkVk and V2k = V
2
k − 2Q
k = (P 2 − 4Q)U2k + 2Q
k by (3) and (4). By
the above we obtain the result.
Lemma 3. Suppose P,Q ∈ Z, PQ(P 2 − Q)(P 2 − 4Q) 6= 0 and (P,Q) = 1. Then
Uk(P,Q) 6= 0 for any positive integer k.
Proof. If Uk(P,Q) = 0 for some positive integer k, applying (1) we see that
(P 2 − 2Q+ P√P 2 − 4Q
2Q
)k
=
(P +√P 2 − 4Q
P −
√
P 2 − 4Q
)k
= 1.
If P 2 − 4Q > 0, we must have P 2 − 2Q + P
√
P 2 − 4Q = ±2Q. This yields PQ = 0,
which contradicts the condition. If P 2 − 4Q < 0, from the above we see that
(P 2 − 2Q
2Q
+
P
√
4Q− P 2
2Q
i
)k
= 1.
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So there exists an integer r ∈ {0, 1, . . . , k − 1} such that
P 2 − 2Q
2Q
+
P
√
4Q− P 2
2Q
i = cos
2pir
k
+ isin
2pir
k
and hence P
2
−2Q
2Q = cos
2pir
k
. But this is impossible since Q 6= P 2 and (P,Q) = 1. Hence
the lemma is proved.
Lemma 4. Let P,Q ∈ Z and (P,Q) = 1. If n is odd such that n | Uk(P,Q) for some
positive integer k, then (n,QVk(P,Q)) = 1.
Proof. Let Uk = Uk(P,Q) and Vk = Vk(P,Q). From (4) we know that V
2
k =
(P 2 − 4Q)U2k + 4Q
k. Since n | Uk we get V
2
k ≡ 4Q
k (mod n). Suppose p is a prime
divisor of n. If p | Q, then we must have p | Vk and Vk ≡ P
k (mod p) by (2). So p | P
and hence p | (P,Q). This contradicts the assumption (P,Q) = 1. Hence p ∤ Q and so
p ∤ Vk. Thus (n,QVk) = 1.
Lemma 5 (see [3,4]). Suppose P,Q ∈ Z, PQ(P 2 − 4Q) 6= 0, (P,Q) = 1 and Un =
Un(P,Q).
(i) If p is an odd prime such that p ∤ Q, then p | U
p−(P
2
−4Q
p
)
.
(ii) If r(p) is the least positive integer n such that p | Un, then p | Um if and only if
r(p) | m.
3. Main results.
Theorem 1. Let k,m, n, r be positive integers, P,Q ∈ Z, (P,Q) = 1, PQ(P 2−Q)(P 2−
4Q) 6= 0, Un = Un(P,Q) and Vn = Vn(P,Q). If n is a divisor of Uk, then
Ukmnr
Uk
≡
{
mnrQ
k(mnr−1)
2 (mod nr+1A) if 2 ∤ mn,
mVk
2
nrQ
k(mnr−2)
2 (mod nr+1A) if 2 | mn,
where A = |P 2 − 4Q|(Uk
n
)2.
Proof. From Lemma 3 we know that Ut 6= 0 for t ≥ 1. If 2 ∤ n, by Lemma 2 we have
Ukmns+1
Ukmns
≡ nQkmn
s
·
n−1
2 (mod |P 2 − 4Q|U2kmns) (s ≥ 0).
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Since Uk | Ukmns we find Ukmns+1/Ukmns ≡ nQ
kmns·n−12 (mod n2A) for s ≥ 0. For
1 ≤ j ≤ r it is clear that nr+1A | (n2A)jnr−j . So
Ukmnr
Ukm
=
r−1∏
s=0
Ukmns+1
Ukmns
≡
r−1∏
s=0
(
nQ
km(n−1)ns
2
)
= nrQ
km(nr−1)
2 (mod nr+1A).
Applying Lemma 2 and the above we then get
Ukmnr
Uk
=
Ukm
Uk
·
Ukmnr
Ukm
≡
{
mQ
k(m−1)
2 · nrQ
km(nr−1)
2 = mnrQ
k(mnr−1)
2 (mod nr+1A) if 2 ∤ m,
m
2 VkQ
k(m−2)
2 · nrQ
km(nr−1)
2 = mn
r
2 Q
k(mnr−2)
2 Vk (mod n
r+1A) if 2 | m.
If 2 | n, by Lemma 2 we have
Ukmns+1
Ukmns
≡ nQ
kmns(n−1)
2 (mod |P 2 − 4Q|U2kmns
2
) (s ≥ 1)
and so Ukmns+1/Ukmns ≡ nQ
kmns(n−1)
2 (mod n2A) for s ≥ 1. Thus
Ukmnr
Ukmn
=
r−1∏
s=1
Ukmns+1
Ukmns
≡
r−1∏
s=1
(
nQ
kmns(n−1)
2
)
= nr−1Q
km(nr−n)
2 (mod nrA).
Note that U2k = UkVk. By Lemma 2 we also have
Ukmn
Uk
≡ mn
Vk
2
Qk(
mn
2 −1) (mod n2A).
Since 2 | n and n | Uk we see that 2 | Uk and so 2 | Vk by (4). Hence
Ukmnr
Uk
=
Ukmnr
Ukmn
·
Ukmn
Uk
≡
mVk
2
nrQ
k(mnr−2)
2 (mod nr+1A).
This completes the proof.
Corollary 1. Let k,m, n, r be positive integers, P,Q ∈ Z, (P,Q) = 1, PQ(P 2−Q)(P 2−
4Q) 6= 0 and Un = Un(P,Q). If p is an odd prime divisor of Uk, then
Ukpr
Uk
≡ pr (mod pr+1).
Proof. Taking m = 1 and n = p in Theorem 1 and then applying Fermat’s little
theorem we get the result.
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Theorem 2. Let k,m, n, r, s be positive integers, P,Q ∈ Z, (P,Q) = 1, PQ(P 2 −
Q)(P 2 − 4Q) 6= 0 and Un = Un(P,Q). Suppose n
s | Uk and n
s+1 ∤ Uk. Then
(i) nr+s | Ukmnr .
(ii) If n is odd and (m,n) = 1, then nr+s+1 ∤ Ukmnr .
Proof. Let Vk = Vk(P,Q). If 2 | n, then 2 | Uk and so 2 | Vk by (4). Hence n
r | Ukmnr
Uk
by Theorem 1. That is nrUk | Ukmnr . Since n
s | Uk we must have n
r+s | Ukmnr . This
proves (i).
Now consider (ii). Suppose 2 ∤ n, (m,n) = 1 and Uk = dn
s. Then n ∤ d. From
Theorem 1 we see that
Ukmnr ≡
{
dmnr+sQ
k(mnr−1)
2 (mod nr+s+1) if 2 ∤ m,
dm
2 n
r+sQ
k(mnr−2)
2 Vk (mod n
r+s+1) if 2 | m.
Note that n ∤ d, (m,n) = 1 and (n,QVk) = 1 by Lemma 4. By the above we obtain
nr+s+1 ∤ Ukmnr . This finishes the proof.
Clearly Theorem 2 is a generalization of Lucas’ law of repetition.
Theorem 3. Let P,Q ∈ Z, PQ(P 2 − Q)(P 2 − 4Q) 6= 0, (P,Q) = 1, Un = Un(P,Q)
and Vn = Vn(P,Q).
(i) If p is an odd prime such that p | Um (m ≥ 1), then
ordpUm = ordpm+ ordpUp−(P2−4Q
p
)
.
(ii) If p is an odd prime such that p | Vm (m ≥ 1), then
ordpVm = ordpm+ ordpUp−(P2−4Q
p
)
.
Proof. If p is an odd prime such that p | Um or p | Vm, then p | U2m. From Lemmas
4 and 5 we know that p ∤ Q and so p | U
p−(P
2
−4Q
p
)
. Let r(p) be the least positive integer
n such that p | Un. Then r(p) | p− (
P 2−4Q
p
) and r(p) | 2m by Lemma 5. Hence p ∤ r(p)
and U
p−(P
2
−4Q
p
)
/Ur(p) 6≡ 0 (mod p) by Theorem 1. Suppose 2m = kp
tr(p) (p ∤ k). Then
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t = ordp2m = ordpm. Since V
2
n −(P
2−4Q)U2n = 4Q
n by (4), we see that (Un, Vn) | 4Q
n
and so p ∤ (Un, Vn) since p ∤ Q. Hence p | Un implies p ∤ Vn, and p | Vn implies p ∤ Un.
Now applying Theorem 2 we get
ordpU2m = t+ ordpUr(p) = ordpm+ ordpUp−(P2−4Q
p
)
.
This completes the proof.
Corollary 2. Let P 6= 0 be an integer, S1 = P
2 + 2 and Sk+1 = S
2
k − 2 (k ≥ 1). If p
is an odd prime factor of Sn (n ≥ 1), then p
α | Sn if and only if p
α | U
p−(P
2+4
p
)
(P,−1).
Proof. From (3) we see that Sn = V2n(P,−1). Thus the result follows from Theorem
3(ii).
Let Fn = Un(1,−1) be the Fibonacci sequence, and let {Sn} be given by S1 = 3 and
Sk+1 = S
2
k − 2 (k ≥ 1). Recently R. McIntosh showed that p
2 ∤ Fp−( p5 ) for any prime
p < 1014. Thus it follows from Corollary 2 that any square prime factor of Sn should
be greater than 1014.
Corollary 3. Let a, n ∈ Z, a 6= −1 and n ≥ 1. If p is an odd prime divisor of an + 1,
then
ordp(a
n + 1) = ordpn+ ordp(a
p−1 − 1).
Proof. Since p | an + 1 we must have a 6= 0, 1. By (2), Vn(a+ 1, a) = a
n + 1. So the
result follows immediately from Theorem 3(ii).
From Corollary 3 we have
Corollary 4. If p is a prime divisor of 22
n
+ 1, then pα | 22
n
+ 1 if and only if
pα | 2p−1 − 1.
In the case α = 2, the result of Corollary 4 is well known. See [2,5,6].
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